ABSTRACT Contrary to the most existing works about the full-duplex (FD) relaying with perfect channel state information (CSI), this paper studies the outage performance of the two-way FD decode-and-forward relay network under the joint effects of the residual self-interference and imperfect CSI. We first derive the exact closed-form expressions of the system outage probability, based on which we obtain the outage probability under the perfect self-interference cancellation to investigate the impacts of the imperfect CSI on the system performance. In addition, to gain more insights about the imperfect CSI, we analyze the optimal power allocation scheme and an optimal relay node placement strategy, which minimize the system outage probability. The results reveal that the imperfect CSI will only affect the optimal power allocation, and the optimal relay node placement is related to the power ratio between the user nodes. Finally, analytical evaluations are performed to verify the theoretical results, and Monte Carlo simulations guarantee the correctness of the analytical evaluations.
I. INTRODUCTION
Relay-assisted communication is an effective way to facilitate the information exchange procedures between the cell-edge located users within the current forth generation (4G) wireless communications networks [1] , [2] . Field measurements demonstrated that the relay stations can enhance the remote indoor received signal power and improve the average throughput, especially for the downlink traffic [3] , [4] . Owing to the various advantages, the relay-assisted communication has been highlighted in the design of the evolving fifth generation (5G) wireless communications to deal with the thousand-folded throughput increase. In this context, the conventional relay-assisted communication, which works in the half-duplex (HD) mode, is not sufficient due to the low spectrum utilization. Recently, the full-duplex (FD) mode, which can transmit and receive signals simultaneously within a common frequency band, has been proposed [5] . Intuitively, by removing the orthogonality limitation, the FD mode has the potentials to double the spectral efficiency of the HD mode. Practical implementations have showed that the FD mode has achieved a spectral efficiency gain of 1.87× over the standard HD mode [6] , [7] . Therefore, to meet the goal of the 5G wireless network, the relay-assisted communications based on the FD mode have received great interest.
A. BACKGROUND AND MOTIVATION
The researches of the relay systems can date back to the 1970s when Van Der Meulen first introduced the three-node relay channel in [8] , and in [9] the relay channel was also studied by Sato in terms of the capacity bound. However, the capacity bound were obtained under the relatively degenerate channels. Then in [10] , the authors studied the capacity theorems of the degraded relay channel in the Gaussian case. The relay networks can be classified into two categories: one-way relaying or two way relaying.
One-way relaying means that the passages are delivered in only one direction, i.e., from the source to the destination [11] - [15] . Specifically, in [11] , the authors have studied the cooperative diversity of the amplify-and-forward (AF) and decode-and-forward (DF) when the user nodes acted as relay node, and the outage performance was also investigated for the high signal-to-noise ratio (SNR). In [12] , [13] , the authors have analyzed the user cooperation systems from the information-theoretical aspect in terms of the achievable region, outage probability and the cellular coverage. Specific user cooperative strategies was also proposed for the conventional code-division multiple access (CDMA) systems. Then in [14] , the authors have investigated the cooperative diversity for the selective relaying where one of multiple user nodes is selected as the relay node, and the results showed that the full spatial diversity can be achieved by the space-time-coded protocol. However, all the papers have considered the perfect channel state information (CSI). In practical, due the the frequency selective channel, deep fading or Gaussian noises, the estimated CSI is usually different from the actual value when the signals are transmitted. In [16] , the authors have studied the AF relay networks under imperfect source-torelay CSI. The specific CSI requirements were also obtained under certain symbol error rate (SER). On the other hand, the one-way relaying has been challenged for the deficiency of the spectral using [15] since four time slots are needed to complete one information exchange procedure.
To improve the spectral efficiency, the three-phase time division broadcast (TDBC) [17] and the two-phase physical layer network coding (PNC) [18] or analog network coding (ANC) [19] for the two-way relaying has been developed [20] . Compared to the one-way approach, the three-phase TDBC relaying could achieve 33% spectral efficiency improvement [17] . However, for two-phase PNC relaying or ANC relaying, even 50% increasing of the spectral efficiency could be realized [20] . In [17] , the system performances in terms of the outage probabilities of the TDBC and PNC relaying have been analyzed and compared. In [20] , the outage performance was derived for the regime where the cell-edge users were interfered by the other co-channel users. However, the problem of the imperfect CSI has not been taken into account. In [21] , the authors have studied the impacts of the imperfect CSI on the system performance in terms of the outage probability and ergodic rate of the two-way PNC relaying. In addition, in [22] , the authors have studied the outage performance of the two-way PNC relay systems under the imperfect CSI. The results in both papers showed that the system performance could be greatly degraded by the imperfect CSI.
In order to further recover the spectral efficiency loss incurred by the HD mode, the FD mode, which transmits and receives signals simultaneous at the same frequency band, has been proposed [7] . The system performance of the FD relaying has been comprehensively studied under the assumption of perfect CSI [23] - [26] . In [23] and [24] , the outage probabilities of the FD two-way relay systems under single user environment and multi-user environment have been analyzed, respectively. In [25] , the authors have comprehensively studied the outage probability and the achievable rate for the FD one-way and two-way relay systems with the ANC protocol and PNC protocol, and the tradeoffs between the outage probability and the achievable rate, one-way relaying and two-way relaying have been highlighted. Thereafter, the authors have analyzed the achievable rate and outage probability of the FD relay system under the 5G wireless networks, where the backhaul link between the relay node and the base station has been considered. However, there are limited literatures have studied the impacts of imperfect CSI on the FD relay systems. To cover the impacts of the imperfect CSI, in [27] , the authors have analyzed the achievable rate for the FD two-way ANC relay networks, and in [28] , the authors have derived the outage probabilities for the FD two-way ANC relay system, both under imperfect CSI condition. However, to the best of the author's knowledge, there has not any reported works about how the imperfect CSI affects the FD two-way PNC relay networks. The PNC relaying, which could achieve better system performance of the ANC relaying [25] due to the cancellation of the noise at the relay node, has been widely deployed for the relay and cooperative systems. Due to the significant detrimental impacts of the imperfect CSI, it is urgent to answer the question that how the imperfect CSI behaves under the FD two-way PNC relay network for the future wireless communications. In addition, the practical issue of the FD mode, i.e., the residual selfinterference (RSI) after self-interference cancellation (SIC) also greatly limit the system performance. The joint effects of the imperfect CSI and RSI need to be studied as well for the implementation of FD two-way relay systems in future wireless communications.
B. CONTRIBUTION
In this paper, we consider the FD two-way PNC relay system, where two user nodes, node A and node B, exchange information via the relay node R in a two-way manner. We analyze the system performance in term of the outage probability, which measures the robustness of the transmission [11] . The imperfect CSI of the links between the node A, the node B and the relay node R are taken into account. In summary, the main contributions of this paper are listed as follows:
• We have investigated the outage performance of the two-way FD DF relay systems. Contrary to the previous work [23] , in this paper, we have adopted the PNC protocol at the relay node. In addition, we have considered the RSI, which was modeled as Rayleigh rather than Gaussian distributed interference according to the practical characterization [29] , [30] , to better investigate the impacts of the RSI on the system performance. What's more, imperfect CSI incurred by the imperfect channel estimation has been taken into account.
• The exact closed-form system outage probability has been obtained. The cross effects, i.e., the imperfect CSI of one link would affect another link, have been observed during the analysis. Furthermore, we have examined the detrimental effects of the cross effects by numerical simulations. In order to highlight the detrimental effects of the imperfect CSI, we further analyze the outage probability under perfect SIC.
• To improve the system outage performance under the impacts of imperfect CSI, we obtained the optimal power allocation between the user nodes A and B as well as the optimal relay placement. The results show 5426 VOLUME 5, 2017 that the power allocation is affected by the imperfect CSI, whereas the optimal relay placement is free from impacts of the imperfect CSI. Finally, all the theoretical results are validated by the simulations.
C. OUTLINE
The remainder of this paper is organized as follows: Section II describes the imperfect CSI model, RSI model and physicallayer signal model in detail. The outage performance, optimal power allocation and optimal relay node placement are analyzed in Section III. Numerical simulations are presented in Section IV to verify the theoretical results. Finally, conclusions are drawn in Section V.
II. SYSTEM MODEL
In this section, we will first elaborate on the channel mode, which includes the imperfect CSI model and the RSI model. Then, the specific physical-layer signal model is described. Fig. 1 depicts the system model, where two user node A and B intend to exchange information via the relay node R in a two-way manner. All the node are working in the FD mode, i.e., transmit and receive signals simultaneously. The PNC based on the DF protocol is adopted at the relay node to process the signals [18] . 
A. CHANNEL MODEL
As Fig. 1 shows, we denote the channel coefficients of the link from the node A to node R and the versa link as h AR and h RA , respectively. Similarly, we denote the channel coefficients of the link from the node B to node R and the versa link as h BR and h RB , respectively. In this paper, we consider that all the channels are reciprocal, i.e., h AR = h RA and h BR = h RB . In addition, we assume that the direct link between the node A and the node B does not exist due to large separation and strong shadowing effect. The messages can only be delivered by the relay node. Furthermore, for simplicity and without loss of generality, we assume that all the channels are subject to the block fading, i.e., the channel coefficients keep consistent within one time slot but changes independently over different time slots. Moreover, we assume the envelops of the channel coefficients are subject to the Rayleigh distribution. In order to take into account the effects of the RSI, we denote the self-interference channel at the user node A, the node B and the node R as h AA , h BB and h RR , respectively.
1) IMPERFECT CSI MODEL
In this paper, we consider imperfect CSI incurred by the imperfect channel estimation of the links between the node A, the node B and the node R. We assume that the relay node adopts the minimum-mean-square-error (MMSE) method to estimate the channel coefficients [27] , [28] . Thus, we can rewrite the channel model as
where h AR and h BR denote the actual value of the channel coefficients between node A and node R, node B and node R, respectively.ĥ AR andĥ BR denote the estimated value of the channel coefficients between node A and node R, node B and node R, respectively. 
2) RSI MODEL
Besides the imperfect CSI, we also consider the imperfect SIC, which results in the RSI. According to the experimental characterization [29] , the RSI channel exhibited Ricean distribution due to the line-of-sight component with a reduced K-factor. Thereafter, the results in [30] showed that by some passive SIC methods, the line-of-sight component can be greatly cancelled and the RSI channels were dominated by the reflected multipaths, which can be modeled as Rayleigh distribution. Hence, we denote the RSI channels at the user node A, the user node B and the relay node R ash AA , h BB andh RR , respectively, the envelop of which are subject to the Rayleigh distribution with the E{|h AA |} = h AA , E{|h BB |} = h BB and E{|h RR |} = h RR , respectively. The SIC capability for the node A and the node B can be denoted
B. PHYSICAL-LAYER SIGNAL MODEL
In this paper, we adopt the PNC based on the DF protocol at the relay node to process the signals. The signals at the relay node at the n-th time slot can be expressed as
VOLUME 5, 2017 where x A , x B and x R denote the signals transmitted by the user node A and user node B with power P A , P B and P R , respectively, n R [n] denotes the Gaussian noise with zero mean and variance σ 2 0 . After SIC and using the CSI, the received signals at the relay node can be simplified as
Under the impacts of the imperfect CSI, the relay node jointly decodes the signals x A [n] and x B [n] and then perform the bit-level exclusive (XOR) operation of them and we denote the recoded signals as
. Next, the relay node forward x R [n] to the node A and the node B with the power P R . The received signals at the node A and node B after SIC can be expressed as Table 1 and Table 2 , respectively.
Hitherto, one information exchange process has been completed.
III. OUTAGE PERFORMANCE ANALYSIS
In this section, we first investigate the outage performance of the two-way FD PNC relay networks under the joint effects of the imperfect CSI and imperfect SIC. Then, we perform the asymptotic analysis, i.e., the user nodes could perfectly cancel the self-interference. Under the asymptotic scenario, we obtain the optimal power allocation scheme and the optimal relay location strategy.
Based on the physical-layer signal model, we can get the signal-to-interference-plus-noise ratio (SINR) as
where γ AR and γ BR denote the SINR of the links from A to R and B to R, respectively, γ RA and γ RB denote the SINR of the links from R to A and R to B, respectively, and γ SUM denotes the sum SINR of the signals from the node A and node B to the node R. Remark 1: From the expression of γ AR and γ BR we can note that the imperfect CSI of h AR not only affects the link from the node A to the node R, but also contaminates the link from the node B to the node R. And at the same time, the imperfect CSI of h BR not only affects the link from the node B to the node R but also disturbs the link from the node A to the node R.
A. EXACT OUTAGE PROBABILITY
Based on the above expressions of the SINR, next we derive the exact outage probability of the considered system. The outage probability can be defined as the probability that the rate of any link of the system falls below the predefined minimum threshold. Thus the system outage event occurs if
Then, we can obtain the outage region of the system as
where
In this paper, we consider that the system is dominant by the imperfect CSI and the RSI, thus, the Gaussian noises are neglected in the analysis. In addition, since the relay node, which are usually deployed in outer space, can achieve higher hardware complexity and is not limited by the size. Thus, the self-interference can 5428 VOLUME 5, 2017
be more efficiently eliminated. As the experimental results showed for the larger equipments, the self-interference could be suppressed to the noise floor [7] . Therefore, it is reasonable to consider the perfect SIC at the relay node, i.e., the RSI as the relay node disappears. The system outage probability is given in the following theorem.
Theorem 1:
The exact closed-form system outage probability under the joint effects of the imperfect CSI and the RSI can be expressed as
where P out,1 , P out,2 , P out, 3 and P out,4 are expressed as (17) , (18) , (19) and (20) on the top of this page, and the function
respectively.
Proof: See Appendix A.
B. OUTAGE PROBABILITY UNDER PERFECT SIC
In addition to the exact outage probability analysis, in this subsection, we analyze the system outage probability under the perfect SIC, i.e., h AA and h BB approach to 0. In this case, the system is only harassed by the imperfect CSI, which is inherently incurred by the time delay and Doppler effects of the user nodes.
Corollary 1:
The system outage probability under perfect SIC can be expressed as
where h(a, b) = exp(−aµ 1 − bµ 2 ).
Proof: When the user nodes A and B can perfectly cancel the self-interference, the variances of the RSI channels will approach to zero, i.e., h AA → 0 and h BB → 0. Then we can note that ν 1 and ν 2 will approach to infinity, i.e., ν 1 → +∞ and ν 2 → +∞. Substituting ν 1 and ν 2 , we can obtain the expressions of system outage probabilities under perfect SIC.
Note that in this case, only the impacts of the imperfect CSI on the system performance are considered, thus, the cross effects of the imperfect CSI between the links from the node A to the node R and the node B to the node R can be revealed.
To gain more insights of the system outage probability, in the following we analyze the optimal power allocation and optimal relay placement which minimize the system outage probability.
Proposition 1: The optimal power allocation scheme when P A +P B = P T under the perfect SIC can be expressed as
where α = P A P B and α 0 denotes the optimal value of α.
Proof: See Appendix B. Note that we obtain the optimal power allocation scheme under the asymmetrical case, i.e., ν 1 = ν 2 . However, actually this is a general scheme that under the symmetrical case α = 1, which is coincident with the obtained proposition.
In addition to the optimal power allocation, we analyze the optimal relay node placement under the perfect SIC as well. Since the channel variances are usually related to the link distances, the location of the relay node will also affect the system outage performance. Based on model of the distances and channel variances [31] - [33] , we first normalize the dis- [31] - [33] . The optimal relay placement are expressed in the following proposition.
Proposition 2: The optimal relay placement can be expressed as
where d 0 denotes the optimal value of d and α = P A P B is expressed in proposition 1.
Proof: See Appendix C. Note that 1) the optimal d 0 is obtained via the asymmetrical case, however, it is actually a general optimal value which covers the symmetrical and asymmetrical both. 2) the optimal relay placement is only related to the transmit power. The reason is that the imperfect CSI has cross effects, i.e., the estimation error of the h AR affects the link between B and R, and the estimation error of h BR affects the link between A and R.
IV. NUMERICAL RESULTS
In this section, we conduct numerical simulations to verify the theoretical results. First, in Fig. 2 and Fig.3 , we examine the relationship between the system outage probability and the transmit power of the user node A under different imperfect CSI cases and different RSI cases, respectively. The results of the HD counterparts are also presented for comparison. In the simulation, for clarity, we substitute σ 2 h AR and σ 2 h BR with σ 2 1 and σ 2 2 , respectively. In Fig.2 , we plot the system outage probability with regard to P A under four different imperfect CSI cases. In the simulation, we set the transmit power of the relay node R and the user node B as P R = 40 dB, P B = 30 dB, respectively, the SIC capability of the user nodes A and B as k A = k B = −30 dB, the minimum rate threshold as r 0 = 1 bps/Hz and the channel variances as ĥ AR = 0.8 and ĥ AR = 1.2, respectively. We note that under the same transmit power, the imperfect CSI will also deteriorate the outage performance, i.e., the higher σ 2 1 , the greater the system outage probability. In addition, we note that imperfect CSI has greater impacts on the outage performance within high transmit power regime than low transmit power regime. Moreover, it is noted that the outage probability will first decrease and then increase with the transmit power and eventually approach to 1. The same situation goes as well even for the HD counterpart, which corroborates that it is the imperfect CSI that leads to the unavailability of the system. Hence, we obtain the insight that the imperfect CSI is critical for the high transmit power scenarios. The Monte Carlo simulations match the theoretical evaluations, which validates the correctness of the mathematical derivation.
In Fig. 3 , we plot the system outage probability as a function of P A under five different SIC cases. The variances of the channel estimation errors are set as σ 2 1 = 0.005 and σ 2 2 = 0.005 and the imperfect SIC capability of the node B is set as k B = −40 dB. The other parameters are set as the same with that in Fig. 2 . From the comparison of the FD mode and the HD mode, we obtain the insight that the FD mode can only improve the system performance within the low RSI regime. For example, when k A is higher than -20 dB, the FD mode can hardly garner any performance gain over the HD mode. However, with high SIC capability, the FD mode can always achieve considerable performance gain compared the HD mode. In addition, we also note that the system outage probability will converge to 1 in the asymptotic transmit power scenarios, which indicates that the FD systems are transmit power sensitive systems.
Next, in order to investigate the relationship between the transmit power of the relay node P R and the system outage probability, we plot the system outage probability in reference to P R under different imperfect CSI cases and different imperfect SIC cases.
In Fig. 4 , we investigate the impacts of the transmit power of the relay node P R on the system outage performance under different imperfect CSI situations. In this figure, the transmit power of the user nodes A and B are set as P A = 30 dB and P B = 30 dB, respectively. The SIC capability of the user node A and B are set as k A = −30 dB and k B = −30 dB. The channel variances are set as ĥ AR = 0.8 and ĥ AR = 1.2, the imperfect CSI σ 2 2 = 0.01 and the minimum rate threshold is set as r 0 = 1 bps/Hz. In this figure, we can note that the outage probability will decrease with the increase of P R , and even under the asymptotic scenario, the outage probability will converge to the different minimum constant under different imperfect CSI rather than converge to 1. This reveal the insight that the transmit power of the system are less affected by the imperfect CSI even though under the same transmit power, the low quality of the CSI estimation will always lead to a higher outage probability.
In Fig. 5 , we explore the impacts of the transmit power of the relay node P R on the system outage probability under different SIC scenarios. In this figure, the variances of the imperfect CSI are set as σ 2 1 = 0.01 and σ 2 2 = 0.01, the channel variances ĥ AR = 0.8 and ĥ AR = 1.2 and other parameters are set as the same with the Fig. 4 . In this figure, contrary to the figure 4, under different SIC capability, when P R approach to infinity, all the cases will converge to a same minimum outage probability. However, under the low transmit power regime, SIC capability greatly affects the system outage probability. This phenomenon results from that the relay node can perfectly cancel the self-interference. It reveals the insight that under low transmit power regime of the relay node, the imperfect SIC of user nodes is critical to the system outage performance.
In order to observe the effects of the imperfect SIC and imperfect CSI on the system outage performance more directly, we plot the system outage probability as a function of the SIC capability of the user node A k A and the imperfect CSI σ 2 1 in Fig. 6 and Fig. 7 , respectively. In Fig. 6 , we simulate the system outage probability with relation to k A under five different imperfect CSI cases. In this figure, the transmit power of the relay node and the user nodes A and B P R are set to 35 dB, 30 dB and 30 dB. The imperfect CSI σ 2 2 is set to 0.002 and the imperfect SIC k B is set to -40 dB. The minimum rate threshold is set to 0.5 bps/Hz and the channel variances are set as ĥ AR = 1 and ĥ AR = 1. In this figure, we can directly observe that the RSI greatly limits the system outage probability under the insufficient SIC capability. However, when the SIC exceeds a certain threshold, the system outage probability will converge to a constant, which reveals the insight the in the FD system, there is no need to perfectly cancel the self-interference at a high cost but to suppress the self-interference to a certain level.
In Fig. 7 , we plot the system outage probability as a function of the imperfect SIC σ 2 1 under different SIC cases. In this simulation, the system parameters are set as that in figure 6 . The outage probabilities of the HD counterparts are also presented. We can observe that the imperfect CSI will greatly limit the system performance. However, when σ 2 1 is less than 10 −5 the system outage probability will converge to a constant, indicating that in the practical systems the imperfect CSI has to be alleviated to a certain level. In addition, it is noted that in the low imperfect CSI regime, the FD mode is superior to the HD mode only when the SIC capability exceeds a certain value. On the contrary, in the high imperfect CSI regime, the FD mode will superior to the HD mode no matter what level the SIC capability is.
In order to examine the impacts of the relay node placement on the system outage probability, in Fig. 8 , we plot the system outage probability versus the relay node placement d. In this figure, the sum of the transmit power P A and P B is set to 33 dB, the transmit power of the relay node P R is set to 45 dB, the imperfect CSI σ 2 1 = 0.002 and σ 2 1 = 0.008 and the minimum rate threshold is set to 1bps/Hz. By comparing the theoretical optimal value of d 0 and the simulated optimal value d 0 , the optimal relay node placement strategy can be verified. For instance, when P A /P B = 0.1, the calculated optimal relay node placement is 0.32, which coincident with the simulated optimal value shown in the figure. When P A /P B = 1, it is easy to obtain that the optimal relay placement should be 0.5, meaning that the relay node should be placed in the center between the user node A and the user node B, which is also consistent with optimal relay placement in the figure.
V. CONCLUSION
In this paper, we studied the outage performance of the two-way FD relay system under the joint impacts of the imperfect CSI and imperfect SIC. We derived the exact system outage probability, based on which we obtained the outage probability under perfect SIC to study the cross effects of the imperfect CSI. Further more, the optimal power allocation scheme and optimal relay node placement strategy are proposed. By the simulations, we verified that the optimal relay placement does not relate to the imperfect CSI. In addition, the FD was superior to the HD mode whatever the RSI is under the high imperfect CSI regime. Finally, Monte Carlo simulations were performed to guarantee the correctness of the mathematical derivation.
APPENDIX A PROOF OF THEOREM 1
From (15), we can observe that the specific region depends on the values of β 1 and β 2 , where
Thus, the outage regions of different cases are expressed in the Table 3 , where X = |ĥ AR | 2 P A , Y = |ĥ BR | 2 P B and α 1 = t 3 R 0 , α 2 = t 1 R 0 + β 1 , α 3 = t 3 R 0 , α 4 = t 2 R 0 + β 2 and α 5 = R 1 t 3 . The outage probabilities corresponding to the different cases are expressed as
where P 1 (x 1 , x 2 ) is expressed as (24) , as shown at the top of the next page, and P 2 (x 1 , x 2 ) is expressed as
In this paper, we model the RSI channel as Rayleigh distributed with variances h AA of the node A and h BB of the 5432 VOLUME 5, 2017
node B, thus, the probability density function of β 1 and β 2 can be obtained as
. Then the system outage probability can be expressed as (25) , as shown at the top of this page.
Then by substituting (26) , (34) and (35) into (25), the expression of P out can be obtained as Theorem 1.
APPENDIX B PROOF OF PROPOSITION 1
We assume that P T = P A + P B and use α = P A P B to denote the transmit power ratio between the user nodes A and B. Substituting P T andα into (21) and by using the Taylor expansion, we can rewrite the (21) as
where k = R 0 (σ 2 h AR +h 2 BR α ), Then, by taking derivative with regard to α, we obtain that
Then, by making ∂P out ∂α equal to 0, the optimal value of α can be obtained.
APPENDIX C PROOF OF PROPOSITION 2
In order to obtain the optimal relay node placement, we model the channel variances proportional to the link distances.
First, we normalize the link from the node A to the relay R and to the node B to 1. Then, we use d and 1−d to denote the distances from the nodes A and B to the relay node, respectively. According to [31] - [33] , we model ĥ AR = d −4 and ĥ BR = (1 − d) −4 and substitute them into (21) . By using the Taylor series expansion and after some arithmetic operation, we can obtain that 
Then, by making ∂P out ∂d to zero, the optimal relay node placement can be easily obtained. 
